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ON GRADED E∞-RINGS AND PROJECTIVE SCHEMES IN SPECTRAL ALGEBRAIC GEOMETRY
MARIKO OHARA
Abstract We define N-graded and Z-graded E∞-rings, by using ∞-operads constructed from the symmetric
monoidal categories {0} ⊂ N ⊂ Z and the Day convolution. We define the one-element localization of those
graded E∞-rings, and obtain spectral projective schemes. We assume certain finiteness conditions on an N-
graded E∞-ring A and Z-graded A-modules and show that, under the finiteness conditions, the∞-category of
almost perfect quasi-coherent sheaves over ProjA is equivalent to a certain localization of the∞-category of
Z-graded A-modules.
1. INTRODUCTION
Let k be a field, and A a commutative ring of finite type over k. As is well-known, the category of A-modules
is corresponding to the category of quasi-coherent sheaves over Spec A. For a finitely generated commutative
graded algebra A =⊕n≥0An over k, where A is generated by A1 over A0, the category of quasi-coherent sheaves
over ProjA is equivalent to the quotient category of the category of almost finitely generated graded A-modules
with thedense subcategory consisting of those graded A-moduleswith only finitelymanynonzero components
of positive degree (cf. [20, Corollary-Definition 0.3]). The construction in the algebraic geometry goes back to
Serre [18], so that the correspondence is called the Serre theorem, and has been studied by Gabriel, Manin, and
so on.
In noncommutative geometry and differential geometry, there aremany approaches to define projective va-
riety via abelian category (cf.[1]) and derived category, which already have been considered in 1990s after Serre.
However, the graded module categories still provide fruitful observations of invariants via the Serre theorem.
For example, they give calculations of cyclic homology and algebraic K -theory of polynomials or F1-algebras,
even when the coefficient ring is not commutative.
Mandell, May, Schwede and Shipley defined the symmetricmonoidal structure on the category ofD-spectra
in [14], which is given by the Day convolution (cf. [14, Definition 1.9, Definition 21.4]) introduced at first in
[3]. The theory of D-spectra can be applied to the category of Z-indexed spectra. Recall that the symmetric
monoidal structure is given by the coend
(X ⊗ˆY )c =
∫(c1,c2)∈Z×Z
HomZ(c1+c2,c)⊗Xc1 ⊗Yc2 ,
and the inner hom [X , Y ]⊗ˆ by the end
([X , Y ]⊗ˆ)c =
∫
(c1,c2)∈Z×Z
Map(HomZ(c1+c, c2),Map(Xc1 ,Yc2))
for Z-indexed spectra X and Y .
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There already have been the several generalization ofD-spectra, especially Z-index, to the∞-category the-
ory. One of the main points in this paper is to define suitable Z-grading on spectra and the monoidal structure
on specrta for E∞-rings in the setting of∞-category.
Several Z-grading on spectra in the setting of∞-category have appeared in Lurie’s papers [9], [8]. Let N(X )
denote the ordinary nerve of category for an ordinary category X . In [9], Z-indexing on an ∞-category C is
given by Fun(N(Z),C) ≃
∏
ZC. Here N(Z) is the category consisting of the integers with linear ordering maps.
For the constant simplicial set Zds , the inclusion Zds → N(Z) from the constant simplicial set to the nerve of
integer ring give us the concentration on the degree zero part on Z-grading in the setting of E2-rings.
Another spectra with Z-grading together with the Day convolution appears in [8, Section 2.2.6, Proposition
6.3.1.12], which is given by the generalized∞-operad Z×N(Fin∗) in the setting of E1-rings.
Although our construction of Z-grading on the ∞-category Sp of spectra has the underlying ∞-category
Fun(N(Z), Sp)≃
∏
ZSp as in [9], it is different from the other constructions. We use∞-operads (not generalized
∞-operad) obtained by the symmetric monoidal categories {0} ⊂ N ⊂ Z whose morphisms are just identities.
The differences from the other constructions appear in the definition of Serre twist and the one-element local-
ization, since we require the E∞-ring structure to obtain a spectral projective scheme by taking explicit open
coverings.
We define Z-graded and N-graded E∞-rings by lax monoidal functors from N(O
⊗
Z
) and N(O⊗
N
) to Sp⊗, re-
spectively, where O⊗
Z
and O⊗
N
are categories given by colored operad obtained by the monoidal structure of
Z and N with respect to +. The ∞-category of those functors admits the Day convolution [8] [17], which we
write as ⊗ˆ. These structures make FunN(Fin∗)(N(Z),Sp)
⊗ˆ the closed symmetric monoidal ∞-category, so that
FunN(Fin∗)(N(Z),Sp)
⊗ˆ naturally inherits the structure of enriched∞-category [5]. By using this fact, we define
the localization of graded E∞-rings with respect to one element.
We remark that our construction also makes sense for ordinary graded rings if we replace an ∞-operad
N(O⊗
Z
) with a categoryO⊗
Z
obtained from a colored operad as in Example 3.18.
In [13, Example 5.4.1.8], Lurie defined a spectral projective space by using the polynomial E∞-rings as the
canonical charts. Now, we will define projective spectral schemes generally. We define projective spectral
schemes in the setting of Lurie [13] by proving the glueing conditions in the setting of our N-graded E∞-rings.
We can also specify covering sieves in the setting of Lurie [7] on the spectral projective schemes explicitly by
using ourN-graded E∞-rings.
Gabriel-Zisman [4] showed that the localization of an abelian category corresponds to a certain thick sub-
category of a triangulated category of an abelian category. The Serre theorem said that the localization with re-
spect to the sheafification of finitely presented modules specifies the thick subcategory consisting of gradedly
bounded above modules. We consider conditions in the setting of spectral algebraic geometry which corre-
spond to the “finiteness” of ordinary graded rings and modules in Section 4. We generalize the Serre theorem
as follows.
Let R be an E∞-ring and A anN-graded E∞-ring over R. LetM be a Z-graded A-module over R. Let A(∞) be
an E∞-ring associated to A,M(∞) an A(∞)-module whose underlying spectrum is
∐
i∈ZMi andM≥n an A(∞)-
submodule of M(∞) whose underlying spectrum is equivalnt to
∐
i≥n Mi , which are defined in Section 3. Let
Mod
AgrZ
R
be the∞-category of Z-graded A-module over R. Let (Mod
AgrZ
R
)
∐
aper f be the full∞-subcategory of
Mod
AgrZ
R
consisting of those objectsM such thatM(∞) is an almost perfect A(∞)-modules.
2
Theorem1.1. Assume all conditions inDefinition 4.1 hold. Let Ni l AR be the full∞-subcategory of (Mod
AgrZ
R
)
∐
aper f
spanned by those M such that M≥n is equivalent to zero for a positive n ∈N. Let (Mod
AgrZ
R
)
∐
aper f be the local-
ization of∞-category . Then, there is an equivalence of∞-categories
QCoh(X )aper f → (Mod
AgrZ
R
)+aper f /Ni l AR ,
which sends a quasi-coherent perfect sheaf F on ProjA to the global section Γ∗(ProjA,F) which we construct in
Section 4.
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2. DAY CONVOLUTION ON FunN(Fin∗)(N(Z),Sp)
⊗ˆ
Set 〈n〉 = {∗, 1, 2, . . . , n}. Let Fin∗ be the category of finite pointed sets 〈n〉whose base point is ∗. Morphisms
inFin∗ aremaps of pointed finite sets [8, Notation 2.0.0.2, Remark 4.1.1.4]. Amap f : 〈m〉→ 〈n〉 inFin∗ is called
inert if f −1(i ) has exactly one element for each 1 ≤ i ≤ n. For every pair of integers 1 ≤ i ≤ n, let ρi : 〈n〉 → 〈1〉
denote the morphism given by the formula
ρi ( j )=

1 (i = j )∗ (i 6= j ).
Let p : X → S be an inner fibration of simplicial sets. An edge f : x→ y of X is p-Cartesian if the induced map
on overcategories (cf.[7, Proposition 1.2.9.2])
X/ f → X/y ×S/p(y) S/p( f )
is a trivial fibration of simplicial sets. An edge f : x → y of X is p-coCartesian [7, Definition 2.4.1.3] if it is
Cartesian with respect to the inner fibration pop : X op→ Sop.
Amap p : X → S of simplicial sets is aCartesian fibration if p is an inner fibration and for every edge f : x→ y
in S and every vertex y˜ of X with p(y˜) = y , there exists a p-Cartesian edge f˜ : x˜ → y˜ such that p( f˜ ) = f . The
map p is called coCartesian fibration if pop : X op→ Sop is a Cartesian fibration [8, Definition 2.4.2.1].
Recall that a symmetric monoidal∞-category is a coCartesian fibration of simplicial sets p : C⊗→N(Fin∗)
with the following property: the functors ρi
!
: C⊗
〈n〉→ C
⊗
〈1〉, induced from maps {ρ
i : 〈n〉 → 〈1〉}1≤i≤n , determine
an equivalence C⊗
〈n〉→ (C
⊗
〈1〉)
n [8, Definition 2.0.0.7] for all n ≥ 0.
Example 2.1 ([8], Remark 2.0.0.5, Construction 2.1.1.7). Let (C,⊗) be a symmetric monoidal category. We can
regard C as a colored operad by setting [8, 2.0.0.1, Example 2.1.1.5]
MulC({Xi }i∈I , Y )=HomC(⊗i∈I Xi ,Y ).
FromConstruction [8, Construction 2.1.1.7], we canmake a category C⊗ from the colored operad C; the objects
in C⊗ are finite sequences {Xi } of objects in C and a morphism from {Xi }1≤i≤m to {Y j }1≤ j≤n is given by a map
a : 〈m〉→ 〈n〉 in Fin∗ and a collection of morphisms
{ f j ∈MulC({Xi }i∈a−1 ( j ), Y j )}1≤ j≤n
3
in the colored operad C, together with the composition law determined by that on Fin∗ and on the colored
operad C.
Amorphism α¯ in an∞-operadO⊗→N(Fin∗) is said to be inert if it is p-coCartesian and its image inN(Fin∗)
is inert. For a symmetric monoidal ∞-category p : C⊗ → N(Fin∗), a commutative algebra object of C
⊗ is a
section N(Fin∗)→ C
⊗ of p such that it carries an inert morphism in N(Fin∗) to an inert morphism in C
⊗ [8,
Definition 2.1.2.7].
We recall the Day convolution on∞-category.
Definition 2.2. [cf. [17], Proposition 2.11 , Lemma 2.13] Let C⊗ → N(Fin∗) and D
⊗ → N(Fin∗) be symmetric
monoidal∞-categories.
Let K be a simplicial set and g :K →N(Fin∗) a map of simplicial sets. Let C
⊗
g be the∞-category obtained by
the following pullback
C⊗g

//C⊗

K
g
//N(Fin∗).
If we take amorphism f in Fin∗, we let C
⊗
f
denote the∞-category obtained by the above pullback with K =∆1,
and if S is an object of Fin∗, we denote C
⊗
S the fiber at S.
The simplicial set Fun(C,D)⊗ˆ equipped with a map Fun(C,D)⊗ˆ→N(Fin∗) is defined by the following uni-
versality: there is a bijection of simplicial sets
FunN(Fin∗)(K , Fun(C,D)
⊗ˆ)≃ FunN(Fin∗)(C
⊗
g ,D
⊗)
which is natural in g . We define a symmetric monoidal∞-category FunN(Fin∗)(C,D)
⊗ˆ→N(Fin∗), by the Day
convolution which is denoted by ⊗ˆ, to be the largest simplicial subset of Fun(C,D)⊗ˆ whose vertices over S ∈
Fin∗ are those functors F :C
⊗
S →D
⊗
S which are in the essential image of the inclusion
iS : Fun(C,D)
S
→ Fun(C⊗S ,D
⊗
S ),
where iS is the natucal inclusion obtained via the Segal condition C
⊗
S
≃ CS and D⊗
S
≃ DS , and all of whose
edges over f : S→ T in Fin∗ correspond to functors F : C
⊗
f
→D⊗
f
that are in the essential image of the natural
inclusion
i f :
∏
t∈T ◦
Fun∆(C
⊗
µ
f −1(t)+
,D⊗µ
f −1(t)+
)×Fun∆1 (C
⊗
β
f −1(∗)
,D⊗β
f −1(∗)
)→ Fun∆1 (C
⊗
f ,D
⊗
f ),
where we denote by µ f −1(t )+ the active map f
−1(t)+→ 〈1〉 if f
−1(t)+ is not empty and the inclusion ∗→ 〈1〉 if
f −1(t)+ is empty, and denote by β f −1(∗) the unique map f
−1(∗)→∗.
Let X be a functor in Fun(C,D). We denote by Xλ the value at λ in C of the functor X .
Remark 2.3. Let Zds be the constant simplicial set. In [9, Section 2.4], the monoidal ∞-category Rep(Zds) is
obtained by Fun(Zds , Sp). We will consider this case by operadic construction since we would like to define
ring and module objects.
In [9, Notation 3.1.2], the ∞-category Rep(Z) = Fun(N∆(Z)
op , Sp) is obtained by Z with linearly ordered
maps in Z. The monoidal structure is given by
(X ∗Y )n = lim
n≤n′+n′′
Xn′ ∧Yn′′ ,
and then the unit object is a Z-graded spectrum S whose positive components Sn ≃ 0 and otherwise Sn ≃
S where S is the unit in Sp. This construction is different from ours because we take Z with only identity
morphisms.
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Proposition 2.4 ([17], Lemma 2.13). If the tensor products on the symmetricmonoidal∞-categories C⊗ andD⊗
commuteswith colimits in each variable separately, the tensor product on FunN(Fin∗)(C,D)
⊗ also commuteswith
each variable separately.
Nowwe introduce∞-operads which wemainly use in this paper.
Definition 2.5. We can regardN and Z as symmetric monoidal categories whose morphisms are just identities
and the monoidal structure is obtained by +. We can make colored operads ON and OZ from N and Z, re-
spectively, by setting Mul({Xi }i∈I , Y )=Hom(Σi∈I Xi , Y ). Then, we obtain a symmetric monoidal∞-categories
N(O⊗
N
)→N(Fin∗) and N(O
⊗
Z
)→N(Fin∗) by the construction as in [8, Construction 2.1.2.21] whose underlying
∞-categories are N(N) and N(Z), respectively.
We obtain a symmetric monoidal∞-category FunN(Fin∗)(N(Z),C)
⊗ˆ→N(Fin∗) by the Day convolution ⊗ˆ.
Remark 2.6. Let us consider a category [0] consisting of one element {0}⊂Z regarded as the full subcategory of
the symmetric monoidal category Z with respect to +. The inclusions {0}⊂N⊂Z are the symmetric monoidal
functors. Then, we have a forgetful functor from [0]⊗ to the Segal category Fin∗, and it is an isomorphism of
categories.
Since thefiber of 〈1〉 inN(OZ)→N(Fin∗) isN(Z), weuse thenotations FunN(Fin∗)(N(N), Sp)
⊗ˆ andFunN(Fin∗)(N(Z), Sp)
⊗ˆ
especially for the symmetric monoidal∞-categories N(O⊗
N
)→N(Fin∗) and N(O
⊗
Z
)→N(Fin∗) obtained by+ on
N and on Z, respectively.
3. Z-GRADED (N-GRADED) E∞-RINGS AND Z-GRADED MODULES
We use the notation AlgO′/O(M) for the fibrationM→O of∞-operads and a map of∞-operads O
′→O as
in [8, Definition 2.1.3.1].
Wewill define aZ-graded (N-graded) E∞-ring A and graded A-module to be amonoid objects and A-module
objects with respect to the graded tensor as follows.
Definition 3.1. (i) We define the∞-category of Z-graded E∞-rings by
AlgN(Fin∗)/N(Fin∗)(FunN(Fin∗)(N(Z),Sp)
⊗ˆ),
and call its objects Z-graded E∞-rings.
(ii) Recall the notation in Definition 2.2. We say that a Z-graded E∞-ring A is connective if each Ai for i ∈Z is
a connective spectrum.
(iii) The inclusion map N → Z is symmetric monoidal, and induces a map N(O⊗
N
) → N(O⊗
Z
) of symmetric
monoidal∞-categories. Then, wehave a lax symmetricmonoidal functor (−)|N(N) : FunN(Fin∗)(N(Z), Sp)
⊗ˆ→
FunN(Fin∗)(N(N), Sp)
⊗ˆ. Let C be the full∞-subcategory spanned by objects X which are right Kan exten-
sion of X |N(N) along the inclusion N(N)→ N(Z). From FunN(Fin∗)(N(Z), Sp)
⊗ˆ, C inherits the symmetric
monoidal∞-category structure, and the compositionC→ FunN(Fin∗)(N(Z), Sp)
⊗ˆ→ FunN(Fin∗)(N(N), Sp)
⊗ˆ
of functors is an equivalence of∞-categories. Then, we say that a Z-graded E∞-ring is N-graded if it be-
longs to the∞-category C.
(iv) Let R be an E∞-ring. Let Mod
⊗
R → N(Fin∗) be the symmetric monoidal ∞-category of R-modules. We
define the∞-category of Z-graded E∞-rings over R by
AlgN(Fin∗)/N(Fin∗)(FunN(Fin∗)(N(Z),ModR )
⊗ˆ),
and call its objects Z-graded E∞-rings over R.
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Let us denote the ∞-category of Z-graded E∞-rings by CAlg
g rZ, and let us denote CAlgg rN the full ∞-
subcategory of CAlgg rZ consisting of N-graded E∞-rings. We usually identify objects of CAlg
g rN with that of
CAlgg rZ.
We denote by CAlg
g rZ
R
and CAlg
g rN
R
the∞-category ofZ-graded andN-graded E∞-rings over R, respectively.
Definition 3.2. Let A be an∞-operad map. Consider the following diagram
N∆(Fin∗)
A(∞) &&▲▲
▲▲
▲▲
▲▲
▲▲
▲ N∆(O
⊗
Z
)
A

p
oo N∆(Fin∗)
0oo
A0xxrrr
rr
rr
rr
rr
Sp⊗ ,
where 0 is obtained by the symmetric monoidal inclusion map {0}→ Z and p is the fibration of ∞-operads
given by the symmetric monoidal structure on Z. Here we denote by A0 the induced morphism by composing
0. We call (−)0 the truncation functor.
Wewill explain the functor A(∞). We obtain p∗ : CAlg→CAlgg rZ by composition. The underlying functor of
A(∞) is the functor p∗A, where (p∗A)i ≃ A for every i ∈Z. Since we take identities as morphisms in Z, the∞-
operad map A : N(O⊗
Z
)→ Sp⊗ is a Z-graded E∞-ring, by [8, Proposition 3.1.1.20, Theorem 3.1.2.3], there exists
an operadic left Kan extension
N(O⊗
Z
)
p

A //Sp⊗
q

N(Fin∗)
id
//
A(∞)
88r
r
r
r
r
N(Fin∗),
where q is given by the symmetric monoidal structure on Sp. The functor p! : CAlg
g rZ→CAlg which assigns A
to A(∞) gives the left adjoint to p∗. We have an equivalence of the underlying spectra p!A = A(∞)≃
∐
i∈Z Ai .
Remark 3.3. Let ι :Zds →N(Z) be an inclusion from the constant simplicial set to the nerve of the integer ring.
In [9, Section 2.4], Lurie constructed the symmetric monoidal functor I : Fun(Zds , Sp)→ Fun(N(Z), Sp) by left
Kan extension along ι. The image I X of the spectrum X is given by (I X )n =⊕m≥nXm . Let ι
∗ : Fun(N(Z), Sp)→
Fun(Zds , Sp) be a functor obtained by the composition with ι. This is the right adjoint to I .
Proposition 3.4. Under the notation of Definition 3.2, assume that A is a Z-graded E∞-ring. Then,
(i) A0 is an E∞-ring, i.e., A0 is an object in AlgN(Fin∗)/N(Fin∗)(Sp
⊗),
(ii) A(∞) is an E∞-ring, i.e., an object in AlgN(Fin∗)/N(Fin∗)(Sp
⊗).
Especially, the truncation functor (−)0 preserves commutative ring structure.
Proof. Since {0}⊂Z is a symmetricmonoidal functor, (−)0 : FunN(N(Z), Sp)
⊗ˆ→ Sp⊗ is a lax symmetricmonoidal
functor. Therefore, the composed functor A0 also has an E∞-ring structure induced from A. So (i) holds. Since
the Day convolution preserves the colimits separably in each variable, and since A(∞) is the operadic Kan ex-
tension, (−)(∞) : FunN(N(Z), Sp)
⊗ˆ → Sp⊗ is a lax symmetric monoidal functor. Therefore, A(∞) : N(Fin∗)→
Sp⊗ is an∞-operad map. So (ii) holds. 
Definition 3.5. We call A(∞) the underlying E∞-ring of A.
Since we take identities as morphisms in Z, we can see that the underlying spectrum of A(∞) is
∐
Ai , where
Ai is a spectrum valued at i ∈Z in Definition 2.2.
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Remark 3.6. The condition of Definition 3.1(ii) is equivalent to that A(∞) is connective. For any Z-graded
E∞-ring A, let A
′ be the image of A under the morphism
AlgN(Fin∗)/N(Fin∗)(FunN(Fin∗)(N(Z),Sp)
⊗ˆ)→AlgN(Fin∗)/N(Fin∗)(FunN(Fin∗)(N(N),Sp)
⊗ˆ)
induced from N(O⊗
N
)→N(O⊗
Z
). Then, A is anN-graded E∞-ring if and only if A(∞)≃ A
′(∞).
Next, we will denote by Modg rZ the∞-category of Z-gradedmodules.
Definition 3.7. (i) For a Z-graded E∞-ring A, we define the∞-category of Z-graded A-modules by
ModA(FunN(Fin∗)(N(Z), Sp)
⊗ˆ),
where the notationModA(−) is in the sense of Lurie. Let us denote the∞-category ofZ-graded A-modules
by ModAgrZ and its graded tensor by ⊗ˆA .
(ii) For a Z-graded E∞-ring A over R, we define the∞-category of Z-graded A-modules over R by
ModA(FunN(Fin∗)(N(Z), ModR )
⊗ˆ).
We denote by Mod
AgrZ
R
the∞-category of Z-graded A-modules over R.
(iii) We say that a Z-graded A-moduleM is connective if each valueMi of the underlying functor is a connec-
tive spectrum for all i ∈Z.
We say that amorphism in CAlgg rZ andModAgrZ amorphism of degree 0 or amorphism of graded E∞-rings
and of graded A-modules.
Remark 3.8. Let us consider the following diagram
FunN(Fin∗)(N(Z), Sp)
⊗ˆ×N(Fin∗)N(O
⊗
Z
)

//Sp⊗

FunN(Fin∗)(N(Z), Sp)
⊗ˆ //
(−)(∞)
44✐✐✐✐✐✐✐✐✐✐
N(Fin∗).
Here, the upper horizontalmap is the evaluationmap. Since the graded tensor commutes with colimits in each
variable, we obtain a symmetric monoidal functor (−)(∞) : FunN(Fin∗)(N(Z), Sp)
⊗ˆ×N(Fin∗)N(O
⊗
Z
)→ Sp⊗ by the
operadic left Kan extension as in Definition 3.2. Then, the symmetric monoidal functor induces
(−)(∞) : CAlgg rZ→CAlg,
and therefore induces a functor
(−)(∞) : ModAgrZ→ModA(∞).
Thus, aZ-gradedmodule over anZ-graded E∞-ring A gives an A(∞)-moduleM(∞) via the functorMod
AgrZ→
ModA(∞).
Lemma 3.9. Let R be an E∞-ring. For an N-graded or a Z-graded E∞-ring A over R, the∞-categoryMod
AgrZ
R
is
a stable∞-category.
Proof. It holds since the underlying∞-category Fun(N(Z), Sp) of Z-graded spectra is stable by the stability of
Sp [8, Remark 1.4.2.9].

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3.1. Enrichment and localization of Z-graded spectra with one element. Recall that we have the symmetric
monoidal ∞-categories Sp⊗ → N(Fin∗) and Mod
⊗
R → N(Fin∗), where R is an E∞-ring. Since the symmetric
monoidal structure on Sp and ModR are right closed, they are Sp-enriched and ModR-enriched, respectively
(cf. [8, Example 4.2.1.32, Proposition 4.8.2.18]). From the point of view, we can regared the mapping spaces as
objects in Sp andModR , respectively.
Now, we take the symmetric monoidal ∞-categories Sp⊗ and Mod⊗R , where R is an E∞-ring, and consider
the graded tensor ⊗ˆ. Since Sp and ModR are presentable, the underlying∞-category of FunN(Fin∗)(N(Z), Sp)
⊗ˆ
and FunN(Fin∗)(N(Z), ModR)
⊗ˆ are also presentable by [7, Proposition 5.5.3.6].
Lemma 3.10. Let Fun(N(Z), Sp) be the underlying∞-category of FunN(Fin∗)(N(Z),Sp)
⊗ˆ. Let us take a functor X
in Fun(N∆(Z), Sp) Then, the functor X ⊗ˆ(−) given by the graded tensor on the∞-category Fun(N(Z), Sp) admits
the right adjoint. Therefore, Fun(N(Z), Sp) is the Fun(N(Z), Sp)-enriched∞-category.
Proof. Let us take X and Y in Fun(N(Z), Sp). Since the Day convolution preserves colimits in each variable by
Proposition 2.4, the functor to the∞-category S of spaces Fun(N(Z), Sp)op → S that assigns Z to Map(Z ⊗ˆX , Y )
preserves small limits. So, it is representable, i.e., Map(Z ⊗ˆX , Y ) ≃Map(Z , {Map(X , Y )}). In other words, the
inner mapping spectrum gives the right adjoint to the graded tensor ⊗ˆ, so that it is right closed. Therefore,
Fun(N(Z), Sp) admits self-enrichment. 
Definition 3.11. Let A be a Z-graded E∞-ring and A(∞) its underlying E∞-ring.
(i) Let us take an element a ∈ π0A(∞) which is homogeneous in the ordinary graded ring π0A(∞). We say
that an element a ∈π0(A(∞)) is degree d if a lies in the image of π0(Ad )→π0(A(∞)). Note that, since the
underlying spectrum of A(∞) is the coproduct
∐
i Ai as in Definition 3.5, to take an element a of π0(Ad )
for a certain d ∈Z is equivalent to take the ideal generated by ak in each π0(Adk ) for k ∈Z.
(ii) Let (k) : N(Z)→N(Z) be a functor given by the assignment of the underlying functor Z→Z;n 7→ n−k. We
take the left Kan extension of a functor X along (k) :
N(Z)
(k)

X //Sp
N(Z)
X ′
<<③③③③③③③③
.
We write the left Kan extension X ′ of X as X (k), and call X (k) the (k-th) Serre twist of X . By the diagram,
we have X (k)n ≃ Xn+k . Note that X (k) does not inherit algebra structure; even if X is a Z-graded E∞-ring.
Let 1 be the unit object in Fun(N(Z), Sp) with respect to ⊗ˆ, e.g., the degree 0 part is the sphere spectrum and
the other degrees are zero. Let 1(k) be the left Kan extension of 1 along (k).
Lemma 3.12. The spectrum X (k) is equivalent to X ⊗ˆ1(k).
Proof. Since Fun(N(Z), Sp) is right closed, we have an equivalence
MapFun(N(Z),Sp)(X ⊗ˆ1(k), Y )≃MapFun(N(Z),Sp)(X , {Map(1(k), Y )}n∈Z).
Here, {Map(1(k), Y )}n∈Z is the inner mapping spectrum. The degree n part {Map(1(k), Y ))}n is equivalent to the
spectrum Yn−k since 1 is the functor whose value is the sphereS at the degree 0 and is zero at the other degrees.
So, we have MapFun(N(Z),Sp)(X (k), Y ) ≃MapFun(N(Z),Sp)(X ⊗ˆ1(k), Y ). Thus, the lemma follows from the Yoneda
lemma. 
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Especially, if M is a Z-graded A-module at first, we obtain the Serre twist M⊗ˆ1(k) as a Z-graded spectrum,
and it inherits a Z-graded A-module structure since ModA(Fun(N(Z), Sp)) is also closed.
Thus, we obtain the induced Serre twist (k) : ModA(Fun(N(Z), Sp)) → ModA(Fun(N(Z), Sp)) on Z-graded
A-modules, which satisfies the following commutative diagram [8, Corollary 4.2.4.8]
Fun(N(Z), Sp)
(k)

ModA(Fun(N(Z), Sp))oo
(k)

Fun(N(Z), Sp) ModA(Fun(N(Z), Sp)).oo
Definition 3.13 (Localization of graded E∞-ring with one element). Let A be an N-graded E∞-ring. We will
define the localization of N-graded E∞-ring A and Z-graded A-moduleM with the homogeneous element f of
degree d .
Let S be the sphere spectrum. The homogeneous element f ∈ π0(A(∞)) corresponds to S→ Ad →
∐
i Ai ≃
A(∞), and we obtain a morphism f ⊗ˆ f : S ≃ S⊗ˆS→ Ad ⊗ˆAd → A2d . Iteratedly, we obtain the class of mor-
phisms { f n :S→ A(dn)}n∈N.
We will state the universality of the one-element localization of N-graded E∞-rings as follows, which is the
analogy of the universality of one element localization of E∞-rings. The morphism MapCAlggrZ (A[ f
−1], B)→
MapCAlggrZ (A, B) is fully faithful and a morphism φ : A→ B is in the essential image if f ∈ π0(A(∞)) is sent to
an invertible element in π0(B(∞)).
We define a localization ofM with respect to f to beM⊗ˆAA[ f
−1], and denote it byM[ f −1].
Note that, even if A isN-graded, the localization A[ f −1] is Z-graded.
Remark 3.14. Let A and B be Z-graded E∞-rings. Note that A(∞) ≃
∐
Ai is an omega spectrum, so that an
element f in 0-th homotopy group π0(
∐
Ai ) ≃
∐
π0(Ai ) gives a map S→
∐
Ai . It is the same thing as Defi-
nition 3.13 that the localization
∐
i Ai →
∐
i Bi of E∞-rings with respect to the homogeneous ideal Y = ( f ) ⊂
π0(A(∞)). We can see the existence of A[ f
−1] by [8, Corollary 7.5.4.6]. We note that the localization in Defini-
tion 3.13 is the same thing for the localization of the induced map
∐
i∈Z Ai →
∐
i∈ZBi of E∞-rings with respect
to the multiplicatively closed set { f k }⊂π0(
∐
i∈Z Ai ).
Remark 3.15. Let A beZ-graded E∞-rings. Let f be a degree 1 element in π0(
∐
i Ai ). Let {MapA(X ,B(n))}n∈Z be
the internal mapping spectrum in the closed symmetric monoidal∞-category ModAgrZ which is determined
up to equivalence. We have an equivalence MapModAgrZ (A, {MapA(A[ f
−1], B)}n∈Z).
Recall that the internal mapping space {MapA(X ,B(n))}n∈Z is the representing object (Mod
AgrZ)op → S that
assigns Z to Map(Z ⊗ˆAX , B). Consider the two functors which assign a Z-graded A[ f
−1]-module Z [ f −1] to the
mapping spaceMapA[ f −1](Z [ f
−1]⊗ˆA[ f −1]X ,W ) inMod
A[ f −1]g rZ and aZ-graded A-module Z toMapA(Z ⊗ˆAX ,WA )
in ModAgrZ. HereW is a Z-graded A[ f −1]-module andWA a Z-graded A-module which is the scalar restric-
tion to A ofW . Since we have the adjoint ModAgrZ↔ModA[ f
−1]g rZ via the scalar extension, it follows that we
have the equivalence by letting X =N [ f
1
] Z [ f −1]⊗ˆA[ f −1]N [ f
−1]≃ ((Z ⊗ˆAN )[ f
−1]). We also have A[ f −1][g−1]≃
A[( f g )−1], where the second g ∈ π0(A) in the left hand side is the image of g in π0(A[ f
−1](∞)) and the ( f g )−1
in the right hand side means g−1 f −1.
Remark 3.16 (cf. [13], cf. Remark 1.1.4.2). One may wonder that A[a−1] is compact object if A is compact
object in the∞-category CAlgg rZ. Since we obtain the equivalence (π∗A)[a
−1] ≃ π∗(A[a
−1]), A[a−1] becomes
compact if A is compact.
Proposition 3.17. Let A be an N-graded E∞-ring, and let M and N be Z-graded A-modules. If we take degree 1
elements a,b ∈π0(A(∞)), then
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(i) We have an equivalence A[a−1]0[(b/a)
−1]→ A[(ab)−1]0, where we denote by the second [(b/a)
−1] the local-
ization of (non-graded) E∞-ring.
(ii) We have an equivalence M[a−1]0⊗A[a−1]0 N [a
−1]0→ ((M⊗ˆAN )[a
−1])0
(iii) For an N-graded E∞-ring B, let A → B be a map of N-graded E∞-rings. Let f and g be homogenious el-
ements in π0(A(∞)) which have degree 1 and f
′ and g ′ the images of homogenious elements f and g in
π0(B(∞)), under the inducedmap π0(A(∞))→π0(B(∞)), respectively. We have a commutative diagram :
A[ f −1]0

// A[( f g )−1]0

A[g−1]0

oo
B[ f
′−1]0 // B[( f ′g ′)−1]0 B[g
′−1]0,oo
and we also have a commutative diagram of gradedmodules
M[ f −1]0⊗A[ f −1]0 N [ f
−1]0
≃

// M[( f g )−1]0⊗A[( f g )−1]0 N [( f g )
−1]0
≃

(M⊗ˆAN )[ f
−1]0 // (M⊗ˆAN )[( f g )−1]0
Proof. We have an equivalence of∞-categories
(−)0 : Mod
A[ f −1]g rZ
→ModA[ f −1]0 ,
where the inverse functor is given by the scalar extension via the inclusion A[ f −1]0→ A[ f
−1].
Thus, by the observation of Remark 3.15, the first part of (iii) holds. By the associativity of the relative ten-
sor product and degree 0 part of A[a−1] act on the degree 0 part of M[a−1], we obtain (ii). The second part of
(iii) follows from (ii) and Remark 3.15. For (i), by the universality of the localization, we have a morphism
A[a−1] → A[a−1][b−1] ≃ A[(ab)−1], where A[a−1][b−1] satisfies the universality with respect to morphisms
A[a−1]→ B which send the image of b in π0(A[a
−1](∞)) to an invertible element ofπ0(B(∞)). By the universal-
ity of localization of (non-graded) E∞-ring and the fact that the localization is determined up to equivalence,
we obtain an equivalence A[a−1]0[(b/a)
−1]→ A[(ab)−1]0. 
Example 3.18 (Ordinary grading). We can apply our procedure to the ordinary case. An ordinary graded ring
and a graded A-module for a discrete N-graded ring A can be recovered from an algebra object and an A-
module object in the ordinary category of symmetric monoidal functors Z→ (ZMod) with respect to the Day
convolution. Here, (ZMod) is the category of abelian groups.
Let (AModg r ) be the ordinary category of (Z-)graded A-modules. The category (AModg r ) is closed symmet-
ric monoidal. Therefore, the unit object I is such that the degree 0 part of I is A and the other degree part is
0.
Let (AModg r )g r be a category of which objects are Z-graded A-modules and, for graded A-modules L and
M , the set of homomorphisms is defined by
Hom(AModgr )gr (L,M)=⊕n∈ZHom(AModgr )(L,M[n]),
whereM[n] is a graded A-module given byM[n]i =Mi+n and Hom(AModgr )(L,M[n]) is consisting of A-module
morphisms of degree 0. The right hand side is the internal hom object with respect to the tensor product ⊗ˆ
of (AModg r ), which is of the form (L⊗ˆM)n = ⊕n=n′+n"Ln′ ⊗Mn" for each degree n. The tensor product ⊗ˆ is
equivalent to the Day convolution.
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4. PROJECTIVE SCHEMES AND ITS QUASI-COHERENT SHEAVES
We will remark the double grading on spectra. Let + : (Z)× (Z)→ (Z) be the symmetric monoidal functor
given by the additive multiplication on Z. Then, the induced functor
Fun(N(Z), Sp)→ Fun(N(Z)×N(Z), Sp)≃ Fun(N(Z), Fun(N(Z),Sp))
is a lax symmetric monoidal functor. Therefore, we obtain the lax symmetric monoidal functor
Fun(N(Z), Sp)×N(Z)→ Fun(N(Z), Sp)
which gives the double grading on spectra.
Wewill take commutative algebra objects andmodule objects on both hands sides of Fun(N(Z), Sp)×N(Z)→
Fun(N(Z), Sp). We have CAlg(Fun(N(Z), Sp)×(Z))≃CAlg(Fun(N(Z), Sp))×{0}→CAlg(Fun(N(Z), Sp)) and , for a
Z-graded E∞-ring A, obtain the lax symmetricmonoidal functorMod(A,0)(Fun(N(Z), Sp)×N(Z))≃ModA(Fun(N(Z), Sp))×
N(Z)→ModA(Fun(Z, Sp)). Therefore, we obtain the lax symmetric monoidai functor
ModA(Fun(N(Z), Sp))→ Fun(N(Z), ModA(Fun(N(Z),Sp))).
Note that if we are given a Z-graded A-module M , the image of M under the functor is given by the collection
of the Serre twist {M(n)}n∈Z.
We will state some notations in this and next sections.
(1) In this section and Section 5, for aZ-graded E∞-ring A and aZ-graded A-moduleM , let us denote A(∞)
and M(∞) by A and M for simplicity, except for the global section functor Γ∗. We will also denote by
Spec A the Zariski spectrum of the underlying E∞-ring A(∞) and the M˜ for the sheafification ofM(∞).
(2) We also denote by Spec A[a−1]0 the Zariski spectrum of the truncation at degree 0 part of A[a
−1].
4.1. Finite presentation condition. First of all, recall that the following three notations.
(i) A connective E∞-ring R is coherent if any finitely generated ideal of π0R is finitely presented and πnR is a
finitely presented module over π0R for all n ∈N [8, Definition 7.2.4.30].
(ii) An E∞-ring R is Noetherian if any ideal of π0R is finitely generated and R is a coherent E∞-ring.
(iii) Let R be a connective coherent E∞-ring. Then, an R-moduleM is almost perfect if πiM ≃ 0 for sufficiently
small i and πnM is finitely presented over π0R for all n ∈Z (cf. [8, Proposition 7.2.4.17]).
Definition 4.1 (Finite presentation condition). Let R be an E∞-ring. Let A be an N-graded E∞-ring over R and
M a Z-graded A-module over R.
For an E∞-ring R, we regard as an N-graded E∞-ring such that the degree 0 part is R and the other pars is 0.
A Z-graded A-module M is locally compact if there exists a positive n0 ∈ Z such that M≥n0 (∞), which is
corresponding to the composition N∆(Z≥n0)→ N∆(Z)→ Sp of underlyng functor, is a compact A(∞)-module.
Here, N∆(Z≥n0) is the full∞-subcategory of N∆(Z) spanned by the vertices Z≥n0 .
Recall the notation from Definition 2.2 and Definition 3.5. We say that, for an E∞-ring R, an N-graded E∞-
ring A over R and Z-graded A-modules over R satisfy the finite presentation condition if
(i) R is a connective Noetherian E∞-ring.
(ii) A0 is an almost perfect R-module.
(iii) A0 is a Noetherian E∞-ring.
(iv) There exists x1, · · · ,xn in π0(A1) such that they give a surjection π0(A0{x1, · · · ,xn }) → π0(A) of π0(A0)-
algebras.
(v) A1 is an almost perfect A0-module.
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(vi) A(∞) is a connective Noetherian E∞-ring.
(vii)
∐
i≥1 Ai is an almost perfect A(∞)-module.
(viii) M is an almost perfect A-module.
Remark 4.2. Let A be an N-graded E∞-ring and M a Z-graded A-module. We say that a quasi-coherent sheaf
F on ProjA is locally almost perfect if every M[a−1]0 is almost perfect A[a
−1]0-module for all homogeneous
element a of π0A = π0A(∞). Later, we see that the almost perfectness of M is equivalent to locally almost
perfectness of the sheafification ofM .
4.2. Projective schemes. Let C be an ∞-category. A sieve on C is a full ∞-subcategory C(0) ⊂ C having the
property that if f :C → D is a morphism in C and D belongs to C(0), then C also belongs to C(0) [7, Definition
6.2.2.1]. Let C be a small∞-category, and j : C→ Fun(Cop , S) the Yoneda embedding. Let C ∈ C be an object,
and i :U → j (C ) a monomorphism in Fun(Cop , S). We denote by C/C (U ) the full subcategory of C/C spanned
by those objects f :D→C of C/C such that there exists a commutative diagram
U
i
""❉
❉❉
❉❉
❉❉
❉
j (D)
==③③③③③③③③ j ( f ) // j (C ).
Then, C/C (U ) becomes a sieve on C/C , which we call a sieve on C . There is a bijection between the subobjects
of j (C ) and the sieves onC given by sending i :U → j (C ) to C/C (U ) [7, Proposition 6.2.2.5].
LetS be the sphere spectrum. Recall that G
Sp
Zar
(S) is an∞-category with Grothendieck topology determined
as follows [12, Definition 2.10].
(i) On the level of ∞-categories, G
Sp
Zar
(S) is the opposite of the ∞-subcategory of compact objects in the
∞-category CAlg of E∞-rings. If A is a compact algebra, let Spec A denote the corresponding object of
G
Sp
Zar
(S).
(ii) Amorphism f : Spec A→ SpecB inG
Sp
Zar
(S) is admissible if and only if there exists an elementb ∈π0B such
that f sends b an invertible element in π0A and the induced E∞-ring map B[b
−1]→ A is an equivalence.
(iii) A collection of admissible morphisms {Spec A[α−1]→ Spec A} generates a covering sieve on A if and only
if the elements α generate the unit ideal in π0A.
A Grothendieck topology on Ind(G
Sp
Zar
(S)op)op ≃ CAlgop , called Zariski topology, is determined by G
Sp
Zar
(S) as
follows [11, Notation 2.2.6]. Let j : (G
Sp
Zar
(S))→ Ind(G
Sp
Zar
(S)op )op be the Yoneda embedding. Take an object X
in Ind(G
Sp
Zar
(S)op)op . A sieve S on an objectU → X in Ind(G
Sp
Zar
(S)op)
op
/X
is covering if there exists an objectU ′
of G
Sp
Zar
(S), a finite collection of admissible morphisms {V ′
i
→U ′}1≤i≤n which generate a covering sieve onU
′,
and a morphismU → j (U ′) such that each pullbackU × j (U ′) j (V
′
i
)→U belongs to S.
Lemma 4.3. Let Λ be an index set. Let {Spec A[α−1]0[β
−1
b
]→ Spec A[α−1]0}b∈Λ be a class of morphisms, where
βb ∈π0A[α
−1]0. Then, the class {SpecA[α
−1]0[β
−1
b
]→ Spec A[α−1]0}b∈Λ ofmorphisms is covering sieve on SpecA[α
−1]0
if these βbs generate each π0A[α
−1]0.
Proof. We have to check the conditions in [7, Definition 6.2.2.1]. It follows from Proposition 3.17(i) . 
As in [13], a spectral scheme is a pair of an (ordinary) scheme X and a structure sheaf on the ∞-category
U(X ) of coverings of X , which values in the∞-category CAlg. The glueing conditions (Proposition 3.17) in the
previous section bring us the following definition.
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Let A be an N-graded E∞-ring. We will define a spectral projective scheme. As follows, it is a pair of
Proj(π0(A)) and a structure sheaf OProj(A) : U(Proj(π0(A))
op → CAlg that is given by the natural equivalence
OProj(A)|Spec(π0(A[a−1]0)) ≃
ãA[a−1]0.
To define the structure sheafOProj (A), first of all, we take affine spectral schemes of the form (Spec A[α
−1]0,OSpecA[α−1]0).
Let A f f Cov(X ) be the∞-category consisting of affine coverings ofU(Proj (π0(A))). WedefineO
′
ProjA
: A f f Cov(Proj(π0(A)))→
CAlg by a functor given by the assignment Spec(π0(A[a
−1]0)) to OSpec(π0(A[a−1]0)) ≃
ãA[a−1]0. Then, we define
OProjA : U(Proj(π0(A)))→ CAlg to be the right Kan extension along A f f Cov(Proj(π0(A)))→ U(Proj(π0(A))),
which is the inverse limit
lim
Specπ0A[a−1]0→Projπ0A
OSpecA[a−1]0 .
Then, we need to check the conditions [13, Proposition 1.1.4.4]. It holds since it holds in A f f Cov(Proj(π0A))
by the previous lemma and Proposition 3.17.
Definition 4.4. We say that the spectral scheme (Projπ0A,OProjA) : CAlg ≃ Ind(G
Sp
Zar
(S)op )→ S is a projective
spectral scheme.
Remark 4.5. Let A and B be N-graded E∞-rings. Consider a morphism φ : A→ B of degree 0. Take a homoge-
neous element a ∈π0A(∞) and b =φ(a)∈π0B(∞). Then, we have amorphism A[a
−1]→B[b−1] of degree 0 be-
tweenZ-graded E∞-rings. Then, we have amorphism A[a
−1]0→ B[b
−1]0, so that SpecB[b
−1]0→ Spec A[a
−1]0.
By the definition of covering sieves, the functoriality of Proj is assured if we take covering sieves.
Definition 4.6 ([12], Definition 3.1). LetX be an∞-topos. We say thatX is an∞-quasi compact if every cover-
ing ofX has a finite subcovering.
Lemma 4.7. Let A be anN-gradedE∞-ring. If we assume that there exists a surjectionπ0(A0{a1, · · · ,ar })→π0(A)
where a1, · · · ,ar is degree 1 elements in π0(A), ProjA has a finite covering, so that it is∞-quasi compact.
4.3. Quasi-coherent sheaves on Proj(A).
Definition 4.8 ([7] Definition 6.1.2.2). Let ∆ be the category of finite linerly ordered sets and C an∞-category.
A simplicial object in C is a morphism of∞-categories
U• :N∆(∆)
op
→C.
Let us consider CAlgop endowed with the flat topology. Then, in the case of ∞-category CAlgop with flat
topology, a functor F : CAlg→ S is a sheaf if, it preserves finite products and for any covering X → Y in CAlg,
F (X )→ lim∆F (Y•)
is an equivalence [12, Proposition 5.4, Proposition 5.7, Example 5.8]. Here, X → Y• is a cosimplicial object
associated to X → Y , and the limit in the right hand side is taken over its cosimplicial diagram.
By [13, Proposition 2.2.3.3.], we have an equivalence QCoh(SpecR) ≃ ModR for an E∞-ring R. Let U• →
Proj(A) be a simplicial resolution associated to an affine coverings {Spec A[α−1a ]0 → Proj(A)}a∈Λ. Then, we
have an equivalence QCoh(Proj(A))≃ lim∆QCoh(U•), where the right hand side is the simplicial limit
lim
SpecA[a−1]0→X
QCoh(Spec A[a−1]0),
in the∞-category of presentable∞-categories.
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Definition 4.9. Let A be an N-graded E∞-ring and M a Z-graded A-module. Set X = ProjA. We define the
sheafification ofM on X to be an image of sheaves ãM[a−1]0 on each affine Spec A[a−1]0 in
lim
SpecA[a−1]0→X
QCoh(Spec A[a−1]0).
Here we denote by (˜−) the sheafification on X .
Especially, a sheaf F on X valued at X is given by the equalizer as following diagram;
(4.1) Γ(X ,F) //
∏
i Γ(SpecA[a
−1
i
]0, F|SpecA[a−1
i
]0
) ////
∏
i , j Γ(SpecA[a
−1
i , j
]0, F|SpecA[a−1
i , j
]0
) // //// · · · ,
where ai , j = aia j and ai s run over the elements in π0(
∐
i≥1 Ai ).
Note that the∞-category ofOX -modules becomes a symmetric monoidal∞-category [10, Section 1.5]. The
following Corollary follows from Proposition 3.17.
Corollary 4.10. Let A be an N-graded E∞-ring over R. Assume that there exists a surjection π0(SymA0 (A1))→
π0(A). Let M and N beZ-graded A-modules. We obtain an equivalence between M˜⊗OX N˜ and the sheafification
of M⊗ˆAN.
Proposition 4.11. If anN-graded E∞-ring A over R satisfies Definition 4.1,A(ℓ) is a locally free sheafOX -module
of rank 1 for all ℓ ∈Z.
Proof. Let a be a degree 1 element of π0A. We will show that the natural morphism A[a
−1]→ A(ℓ)[a−1] of
A[a−1]-modules that induces aℓ-multiple map onπ0 gives an A[a
−1]-module equivalence A[a−1]→ A(ℓ)[a−1].
Let B be anN-graded E∞-ring which is A[a
−1]-algebra and satisfies Definition 4.1. We consider the universality
of A[a−1], and show that the class of {A[a−1]→ B(n)} which factors through A(ℓ)[a−1]. We have the following
diagram for a Z-graded E∞-ring B
A[a−1]

// A[a−1]

// B(n)

A(ℓ)[a−1] //

A(ℓ)[a−1] //

B(ℓ+n)

A[a−1]≃ A(ℓ)(−ℓ)[a−1] // A(ℓ)[a−1](−ℓ) // B(n)
where the horizontalmorphisms are assumed to beobtained by thosemorphisms which send a to an invertible
element and the vertical morphisms are associated with the extensions (−)(ℓ) and (−)(−ℓ). Note that we write
the middle term A(ℓ)[a−1] since the upper left square is obtained by the graded tensor A(ℓ)⊗ˆA[a−1]A[a
−1]. It
suffices to see that the lower middle term A(ℓ)[a−1](−ℓ) is equivalent to A[a−1] ≃ A(ℓ)(−ℓ)[a−1]. Since n runs
over the set Z of all integers, by the characterization of localization, the lower horizontal morphism A[a−1]→
B(n) factors through A[a−1]. On the other hand, by the construction and the extension is determined up to
equivalence, A[a−1]→ B(n) factors through A(ℓ)[a−1](−ℓ), so that, by using Proposition 3.17, the degree 0 part
of A(ℓ)[a−1] can be identified with A[a−1]0 via the morphism induced by the middle vertical morphism, which
induces aℓ-multiplication on π0. 
Definition 4.12. We denoteA(n) byOX (n) for n ∈Z, and we define F(n) to be F⊗OX OX (n) for anOX -module
F.
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Definition 4.13. For an E∞-ring R, let A be an N-graded E∞-ring over R. Let X = Proj(A) be a projective
spectral scheme and F a quasi-coherent OX -module. Note that we have a morphism Proj(A)→ SpecR. As-
sume Definition 4.1. Let us take a covering {Spec A[a−1
i
]0 → ProjA}ai∈π0(A1). Since the restriction F|Spec A[a−1
i
]0
to each affine is a quasi-coherent sheaf over an affine spectral scheme and since we have an equivalence
QCoh(Spec A[a−1
i
]0) ≃ ModA[a−1
i
]0
, we can take an A[a−1
i
]0-module M
′
i
whose sheafification on Spec A[a−1
i
]0
is equivalent to F|Spec A[a−1
i
]0
. We define the section functor Γ(X ,−) : QCoh(X )→ModR by assigning to a quasi-
coherent sheaf F on X the R-module obtained by the limit of the cosimplicial diagram as (4.1)
(4.2)
∏
i0 Mi0 //
//∏
i0 ,i1 Mi0 ,i1 // //
// · · · ,
where we denote by Mi0 ,··· ,in = Γ(SpecA[(ai0 · · ·ain )
−1]0, F|SpecA[(ai0 ···ain )
−1]0
). This definition is equivalent to
the definition of the global section in the sense of Lurie as in [10] if we take an affine spectral scheme.
Now, assume Definition 4.1. For an N-graded E∞-ring A over R, let X = Proj(A) and
∐
n∈ZΓ(X ,F(n)) a Z-
graded A-module which functor assigns Γ(X ,F(n)) to each n ∈Z. Let
Γ∗(X ,−) : QCoh(ProjA)→Mod
AgrZ
R
be a functor given by F 7→
∐
n∈ZΓ(X ,F(n)).
This is an explicit description. However, we need to show that Γ∗(X ,−) takes the values not only in ModR
but in Mod
AgrZ
R
. Therefore, as in the proof of the following lemma (i), we will reformulate the construction of
Γ∗(X ,−) by taking a certain colimit in the∞-category Pr
L of presentable∞-categories, and realize the func-
tor Γ∗(X , −) as the left adjoint to the sheafification (˜−) on X . It is, by (4.2), equivalent to the above explicit
description.
We will also compare A with Γ∗(X ,OX ).
Let F be a quasi-coherent OX -module. We can see OX (ℓ)⊗OX OX (m)≃OX (ℓ+m).
Proposition 4.14. Assume Definition 4.1. For anN-graded E∞-ring A over R. Let X = Proj(A), then
(i) Γ∗(X ,−) is the right adjoint to the sheafification on X of Z-graded A-modules over R.
(ii) Γ∗(X ,OX ) is a Z-graded E∞-ring
(iii) Γ∗(X ,F) is a Z-graded Γ∗(X ,OX )-module for any F inQCoh(X ), and
(iv) we have a natural equivalence OX ≃ A˜ ≃ ãΓ∗(X ,OX ). Moreover, we have a morphism A → Γ∗(X ,OX ) of
Z-graded E∞-rings.
Proof. Let {Spec A[a−1
i
]0 → ProjA}ai∈π0(A1),1≤i≤n be a finite covering. Let B be a product A[a
−1
1 ]× ·· ·× A[a
−1
n ],
Bk the (k+1)-times tensor product B ⊗A · · · ⊗A B andUk = Spec(B
k )0. Let B
• be the cosimplicial resolution of
A associated to the covering. Then, we obtain the cosimplicial diagram
ModAgrZ //ModBgrZ // //
≃

ModB⊗ABgrZ
≃

////// · · ·
ModB0 //
//Mod(B⊗AB )0 // //
// · · ·
in the∞-categoryPr L of presentable∞-categorieswith left adjoint functors. Recall thatQCoh(X )≃ lim∆QCoh(U•),
and that (−)0 : Mod
A[a−1]g rZ
≃ModA[a−1]0 as in the proof of Proposition 3.17. Let F be a quasi-coherent sheaf
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on X . Then, we have
MapQCoh(X )(M˜ , F)≃ lim∆MapQCoh(U•)(M˜ |U• ,F|U• ) ≃ lim∆MapModB•
0
((B•⊗ˆAM)0, F(U•))
≃ lim∆MapModB
•grZ
R
(B•⊗ˆAM , Γ∗(U•,F)) ≃ lim∆MapModAgrZ
R
(M , Γ∗(U•, F)) ≃MapModAgrZ
R
(M , lim∆Γ∗(U•,F))
≃Map
Mod
AgrZ
R
(M , Γ∗(X , F)).
Therefore, (i) is proved. We will show (ii).
We will see that inert morphisms in N∆(O
⊗
Z
) goes to inert morphisms in QCoh(X )⊗. Let MR be the model
category of R-module spectra in the sense of Elmendorf-Kriz-Mandell-May. We use the same notation asModR
for corresponding cofibrant-fibrant objects inMR since ModR is the underlying∞-category ofMR .
Let f : 〈n〉 → 〈m〉 be an inert morphism. Since morphisms in Z are just identities, we can construct a mor-
phism from (O⊗
Z
)〈 f 〉 : (n1, · · · ,nk )→ (m1, · · · ,mℓ) by settingΓ(X ,OX (n1))⊗R · · ·⊗RΓ(X ,OX (nk ))→Γ(X ,OX (m1))⊗R
· · · ⊗R Γ(X ,OX (mℓ)) in MR〈 f 〉. Here, if f
−1(mi )= n j , we havemi = n j , so we can take identity on the compo-
nent Γ(X ,OX (n j )) ≃ Γ(X ,OX (mi )), and if f (nh) = ∗, we can take a morphism Γ(X ,OX (nh))→ Γ(X ,OX ) which
sends Γ(X ,OX (nh)) to the unit object in Γ(X ,OX ). Thus, we have a functor Fin∗ →MR which preserves inert
morphisms. Therefore, (ii) follows by taking the simplicial nerve in both hands sides.
Let (˜−) : ModA(Fun(N(Z), Sp))→ QCoh(X ) denote the sheafification. It is a symmetric monoidal functor.
Then, we have a lax symmetric monoidal functor
ModA(Fun(N(Z),Sp))→ Fun(N(Z),ModA(Fun(N(Z), Sp)))→ Fun(N(Z), QCoh(X )),
where thefirst functor is givenby the inclusion to the degree zero part of themiddle∞-category. By taking com-
mutative algebra objects in bothhands sides, weobtainCAlg(ModA(Fun(N(Z),Sp)))→CAlg(Fun(N(Z), QCoh(X ))),
which sends A to OX (−). Therefore, OX (−) is also a lax symmetric monoidal functor in Fun(N(Z), QCoh(X )).
Thus, for a quasi-coherent sheafF on X , we obtain the functorF(−) asF⊗OX OX (−) whichbelongs to Fun(N(Z), QCoh(X )).
Since the global section Γ : QCoh(X )→ModR is a lax symmetric monoidal functor on quasi-coherent sheaves
on X by Proposition 3.17, we have a lax symmetric monoidal functor
Mod
AgrZ
R
i0//Fun(N(Z), Mod
AgrZ
R
)
(˜−) //Fun(N(Z),QCoh(X ))
Γ(X ,−) //Fun(N(Z),ModR ),
where i0 is the inclusion to the degree zero part of the graded functor N(Z), Mod
AgrZ
R
. This functor is equivalent
to Γ∗(X ,−). Therefore, it follows the rest of the proposition. 
Thus, Γ∗ values in Mod
AgrZ
R
. Thus, we have an adjoint pair
(˜−) : Mod
AgrZ
R
⇄QCoh(X ) : Γ∗(x, −).
Especially, we obtain an equivalence M˜→ ãΓ∗(X , ˜ )M .
Since F is a quasi-coherent sheaf, we have F(V )⊗OX (V )OX (U )≃F(U ) for affine opens V ⊂U by definition.
Therefore, we have a natural equivalence Γ∗(X ,F)[a
−1]0 ≃ Γ(Spec A[a
−1]0,F) by tensoring Spec A[a
−1]0. Since
M(ℓ)[a−1]0 ≃ Γ(Spec A[a
−1]0,M(ℓ)), we have ãΓ∗(X , F) ≃ F for a quasi-coherent OX -module F, under Defini-
tion 4.1.
Remark 4.15. The existence of right adjoint to (˜−) is assured by [7, Proposition 5.5.1.9]. We have explicitly
constructed the right adjoint Γ∗.
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Remark 4.16. Note that we have the diagram
Fun(N(Z), QCoh(X ))
(−)(∞)

Γ(X ,−) //Fun(N(Z),ModR )
(−)(∞)

QCoh(X )
Γ(X ,−)
//ModR
is not commutative in general. If we assume that Proj(A) is∞-quasi compact, it is a commutative diagram.
Remark 4.17. If we would like to extract the degree zero part of of the form (
∐
n∈ZM(n))(∞) with respect to the
coproduct of the indexes of components ofM(n)s, we can consider the following composition of functors
Fun(N(Z), ModR )→ Fun(N(Z)×N(Z),ModR )≃ Fun(N(Z),Fun(N(Z), Fun(N(Z), ModR )))→ Fun(N(Z),ModR ),
where the first functor is given by the symmetric monoidal functor N(Z)×N(Z)→ N(Z), the third functor is
given by taking (−)0. This is a lax monoidal functor.
Definition 4.18. Let R be an E∞-ring and A anN-graded E∞-ring. LetM be aZ-graded A-module. We consider
the following conditions.
(i) The homotopy group πℓ(Mn) is a finitely presented π0(A0)-module for any n and ℓ in Z.
(ii) For each n ∈Z, πℓ(Mn)= 0 if ℓ<< 0.
(iii) There exists n0 ∈Z such thatMn ≃ 0 for n <n0.
(iv) There exist n1 ∈Z and d > 0 such thatπℓ(Ad⊗A0Mn)→πℓ(Mn+d ) is a surjection for every ℓ ∈Z and n ≥ n1.
If M satisfies all of these condition, we say that M is +-almost perfect. We let (Mod
AgrZ
R
)+aper f be the full∞-
subcategory of Mod
AgrZ
R
consisting of those objects satisfying all of the above conditions. We use the notation
πi (M) for πi (M(∞)).
Proposition 4.19. Let R be an E∞-ring and A an N-graded E∞-ring. Let M be a Z-graded A-module over R.
Let (Mod
AgrZ
R
)
∐
aper f be the full∞-subcategory ofMod
AgrZ
R
consisting of those objects M such that M(∞) is an
almost perfect A(∞)-modules. Assume that all conditions in Definition 4.1 holds. Then, there is an equivalence
of∞-categories
(Mod
AgrZ
R
)
∐
aper f
≃ (Mod
AgrZ
R
)+aper f .
Therefore, by [8, Proposition 7.2.4.11], the∞-category (Mod
AgrZ
R
)+aper f is a stable∞-category.
Proof. It suffices to show the following : M is a Z-graded +-almost perfect A-module if and only if M(∞) is
an almost perfect A(∞)-module under the assumption in Definition 4.1. First of all, we show if direction.
By [8, Proposition 7.2.4.30] and since A(∞) is a connective coherent E∞-ring, πn(M(∞)) is finitely presented
π0(A(∞))-module and πn′ (M(∞))
∼= 0 for sufficiently small n′. Since A0 is an almost perfect R-module and R is
a connective coherent E∞-ring, πn(A0) is a finitely presented π0(R)-module.
Now, π0(M) =
∐
i∈Zπ0(Mi ), so that π0(Mi ) is also finitely presented over the Noetherian ring π0(A0) since
any element in π0(Mi ) can be written a π0(A0)-linear form of a
n1
1 · · ·a
nr
r m j . Here, m1, · · · ,ms is a set of finite
generater of π0(M) over π0(A) and a1, · · · ,ar is obtained by the assumption of the existence of a surjective map
π0(A0{a1, · · · ,ar })→π0(A). Note that n1, · · · ,nr is finite for eachm j . As the similar argument, πn(Mi ) is finitely
presented overπ0(A0). Sinceπn(M) is finitely presented overπ0(A), we take a set of finite generatorm
′
1, · · · ,m
′
s ′
.
Then, thenumbern0 is to bemin1≥ j≥sdeg (m j ). Next, we consider elements of the form a
n1
1 · · ·a
nr
r m
′
j
inπn (M),
where 0 ≥ nk ≥ 1 and 1 ≥ j ≥ s
′ . The nomber of those elements are finite. Therefore, we can take n1 to be
maxdeg (a
n1
1 · · ·a
nr
r m j ). Then, an elements πn(Mℓ+1) can be written by a finite sum of elements πn(Mℓ) with
the coefficients in the image of A1 in πℓ(A1).
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Conversely, we show the only if direction. By the assumptionof the existence of a surjectivemapπ0 (A0{a1, · · · ,ar })→
π0(A), we can take a set of finite generators {a1, · · · ,ar } of π0(A) over π0(A0). By the assumption, πℓ(Mn)
∼= 0 for
sufficiently small ℓ and there exists n0 such thatMn ≃ 0 for alln ≤n0. Therefore,πℓ(M)∼= 0 for sufficiently small
ℓ. By the assumption, there exists n1 such that πℓ(A1⊗A0 Mn )→πℓ(Mn+1) is surjective for n ≥ n1. Since πℓ(A1)
and πℓ(Mn) are finitely presented over π0(A0), we can see that πℓ+1(Mn+1) is generated by products of the im-
ages of the representative in πℓ+1(Mn+1) of these elements. Since πℓ(Mn ) is a finitely presented π0(A0)-module
for all n ∈Z, the homotopy group πℓ(M(∞))∼=πℓ(M) is finitely generated over a Noetherian ring π0(A). 
Since R is a connective coherent E∞-ring and A0 is almost perfect over R, πn(A0) is finitely presented over
π0(R). Since A0 is Noetherian, πn(A0) is finitely presenerated over π0(R). Since A0 is almost perfect, πn′(A0)
∼= 0
for n′ << 0. Thus, the E∞-ring A0 is coherent E∞-ring.
For any quasi coherent OX -module F, with covering morphisms {Spec A[a
−1
i
]0→ ProjA}ai∈A1 , there exists a
Z-graded A-moduleM such that F|SpecA[a−1
i
]0
≃ ãM[a−1
i
]0.
Proposition4.20. Let A be anN-graded E∞-ring over R and X = Proj(A) a projective spectral scheme. Let M be a
Z-graded A-module over R. LetF be a quasi-coherent almost perfectOX -module [10, Definition 2.6.17]. Assume
the condition Definition 4.1 holds. Then,
(i) the sheafification M˜ is an almost perfect OX -module if and only if M is Z-graded +-almost perfect A-
module as in Definition 4.18.
(ii) Especially, if F is a quasi-coherent almost perfectOX -module, then
Γ∗(X , F)
is Z-graded+-almost perfect A-module.
Proof. It suffices to check the first assertion. If direction is easy. We show the only if direction. Note that A0 is
also a coherent E∞-ring.
Let us take a subring
∐
n≥0π0And of
∐
n≥0π0An and the degree d > 0 element a ∈ π0(Ad ). Since we have
a map A[a−1] → A(dn)[a−1], consider a composition map Adn → A(∞) → A[a
−1](∞) → A(dn)[a−1](∞) of
spectra. By taking coproduct with respect to n ≥ 0, we have amap
∐
n≥0 Adn →
∐
n≥0 A(dn)[a
−1](∞) of spectra,
and consentrate the degree zero part, we obtain a map
∐
n≥0 Adn → A[a
−1]0 which is surjective on π0. Since
A0 is a coherent E∞-ring, we have
∐
n≥0πℓAdn ≃ 0 if ℓ << 0. By the same argument, we obtain a map φ :∐
n≥0Mdn →M[a
−1]0.
Since A(∞) is aNoetherian E∞-ring, we can take a set of finite generators of
∐
n≥0πℓ(An) over
∐
n≥0π0(An). It
also generates
∐
n≥0πℓ(Adn) over
∐
n≥0π0(Adn),
∐
n≥0πℓ(Adn) is also a finite presented
∐
n≥0π0(Adn)-module.
Especially,
∐
n≥0π0(Adn) is also Noetherian.
Now,we consider the kernels of themaps
∐
n≥0 Adn → A[a
−1]0 and
∐
n≥0Mdn →M[a
−1]0, respectively. They
are generated by a−1 ∈ π0(
∐
n≥0 Adn), respectively. We will show that
∐
n≥0πℓ(Mdn) is finitely generated over∐
n≥0π0(Adn).
According to [6, Definition 10.3], we construct a spectrum
∐
n≥0Mdn/〈a−1〉, where 〈a−1〉 is the submodule
generated by a−1 in π∗(
∐
n≥0Mdn ). We consider the following diagram
∐
n≥0Mdn
a−1 //∐
n≥0Mdn
φ
//M[a−1]0
∐
n≥0Mdn
a−1 //
id
OO
∐
n≥0Mdn //
id
OO
∐
n≥0Mdn/〈a−1〉
OO✤
✤
✤
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Since a−1 is in π0 and by the construction of the quotient spectrum, the dotted map is an equivalence. There-
fore, we have πℓ(M[a
−1]0)≃ πℓ(
∐
n≥0Mdn/〈a−1〉). Consider the long exact sequence of the homotopy groups
of the above diagram. If a−1 is the zero divisor ofπℓ(
∐
n≥0Mdn), the kernel is the image of the finitely generated
homotopy group of M[a−1]0, and since
∐
n≥0π0(Adn) is also Noetherian, the homotopy group πℓ(
∐
n≥0Mdn ),
whose quotient with the finitely generated kernel is also included in the finitely generated homotopy group of
M[a−1]0, is finitely generated over
∐
n≥0π0(Adn). In the case of a−1 induces an injection on πℓ(
∐
n≥0Mdn ),
it follows ak = 0 for some k > 0. By the construction of the quotient spectrum, a − 1 is a zero divisor of
πℓ(
∐
n≥0Mdn). It follows that the group πℓ(
∐
n≥0Mdn) itself is isomorphic to 0. Since each spectrum M[a
−1]0
is bounded below, we obtain that πℓ(
∐
n≥0Mdn )≃ 0 for ℓ<< 0.

Definition4.21 (Gradedly bounded abovemodules). Wedefine the∞-categoryNi l A
R
by the full∞-subcategory
of (Mod
AgrZ
R
)+aper f spanned by those objects M that there exists a positive n such that Mi ≃ 0 for i ≥ n. Here,
(Mod
AgrZ
R
)+aper f is defined in Definition 4.18.
We define the∞-category (Mod
AgrZ
R
)+aper f /Ni l AR as the localization with respect to a class of morphisms
in (Mod
AgrZ
R
)+aper f such that their cofibers are in Ni l A
R
.
5. THE PROOF OF THEOREM 1.1
From now on, we assume that all conditions of Definition 4.1 hold.
Proposition 5.1. If a Z-graded A-module M is in Ni l AR , its sheafification is equivalent to zero.
Proof. Since A is generated by degree 1 elements, M is in Ni l AR means that any degree 1 element a satisfies
am = 0 for some m > 0. Therefore, π∗(M[a
−1]0) ≃ 0. The assertion follows from QCoh(ProjA) is obtained by
limSpecA[a−1]0→X ModA[a−1]0 .

Remark 5.2. LetM be a Z-compact graded A-module over R. Consider the cofiber sequence
M≥k [a
−1]0→M[a
−1]0→M<k [a
−1]0.
We see that M[a−1]0 is an almost perfect A[a
−1]0-module if and only if M≥k [a
−1]0 is. So, we considered the
class of Z-graded A-modules M such thatM[a−1]0 is an almost perfect A[a
−1]0-module for any a ∈π0(A).
By Proposition 5.1 and the universality of the localization (Mod
AgrZ
R
)+aper f /Ni l AR , the sheafification functor
factors through (Mod
AgrZ
R
)+aper f /Ni l AR → QCoh(X )
aper f . Here, QCoh(X )aper f is the ∞-category of almost
perfect quasi-coherent sheaves [10, Definition 2.6.17, Proposition 2.7.20].
We saw that the sheafification on ProjA admits the right adjoint Γ∗. We will see that Γ∗ becomes the inverse
of the sheafification.
Proposition 5.3. Let X = Proj(A). Assume that all of the finite presentation conditions in Definition 4.1 hold.
Then, the functor Γ∗(X ,−) gives an equivalence of∞-categories fromQCoh(X )
aper f to (Mod
AgrZ
R
)+aper f /Ni l AR .
Proof. It suffices to show that, by the universality of the localization, we have M˜ ≃ 0 if and only ifM is gradedly
bounded above for a Z-graded A-moduleM with the finite presentation condition.
So, assume that M˜ ≃ 0. Since M is almost perfect, there exists k ∈ Z≥0 such that M≥k is almost perfect.
Take the cofiber sequence M≥k →M →M≤k . Then, the cofiber M≤k is gradedly bounded above, so its sheafi-
fication is zero. Thus, we haveM≥k ≃ M˜ . By the assumption M˜ ≃ 0, we obtainM≥k ≃ 0. Since we already
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have the relation M≥k ≃ Γ∗(X ,ãM≥k (ℓ)) and Γ∗(X ,ãM≥k (ℓ)) ≃ lim∆Γ∗(Spec A[a−1]0,ãM≥k (ℓ)) ≃ 0, M≥k is grad-
edly bounded above. The fully faithfulness is reduced to the affine case together with Proposition 4.20 and
[10, Proposition2.7.20]. 
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